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^ ■ Abstract. It is a meaningful issue that under what condition neighborhoods in- 

JjJ _ duced by a covering are equal to the covering itself. A necessary and sufficient 

• condition for this issue has been provided by some scholars. In this paper, through 

a counter-example, we firstly point out the necessary and sufficient condition is 
false. Second, we present a necessary and sufficient condition for this issue. Third, 
we concentrate on the inverse issue of computing neighborhoods by a covering, 
namely giving an arbitrary covering, whether or not there exists another covering 
such that the neighborhoods induced by it is just the former covering. We present 
a necessary and sufficient condition for this issue as well. In a word, through the 
study on the two fundamental issues induced by neighborhoods, we have gained 
a deeper understanding of the relationship between neighborhoods and the cov- 
ering which induce the neighborhoods. 

Keywords. Neighborhood; Reducible element; Repeat degree; Core block; In- 
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1 Introduction 

Rough set theory, proposed by Pawlak [1111211, is an extension of set theory for the 
study of intelligent systems characterized by insufficient and incomplete information. 
In theory, rough sets have been connected with matroids |13 16 1, lattices |3 4 9|T5l . 
hyperstructure theory |18|, topology 1 6.7.21] . fuzzy sets [5.17] , and so on. Rough set 
theory is built on an equivalence relation, or to say, on a partition. But equivalence re- 
lation or partition is still restrictive for many applications. To address this issue, several 
meaningful extensions to equivalence relation have been proposed. Among them, Za- 
kowski has used coverings of a universe for establishing the covering based rough set 
theory 120 1. Many scholars have done deep researches on this theory I11I2I22I . and some 
basic results have been presented. 

Neighborhood is an important concept in covering based rough set theory. Many 
scholars have studied it from different perspectives. Lin augmented the relational database 
with neighborhood |8|. Yao presented a framework for the formulation, interpretation, 
and comparison of neighborhood systems and rough set approximations [ 19 |. By means 
of consistent function based on the concept of neighborhood, Wang et al. 114ij dealt 
with information systems through covering based rough sets. Furthermore, the concept 
of neighborhood itself has produced lots of meaningful issues as well, and it is one of 
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them that under what condition neighborhoods induced by a covering are equal to the 
covering itself. In paper lfT4l . Wang et al. provided a necessary and sufficient condition 
about this issue. 

In this paper, through a counter-example, we firstly point out that the necessary and 
sufficient condition provided by Wang et al. is false. Second, we propose the concepts 
of repeat degree and core block, and then study some properties of them. Third, we pro- 
pose the concept of invariable covering based on core block. And by means of invariable 
covering, we present a necessary and sufficient condition for neighborhoods induced by 
a covering to be equal to the covering itself. Fourth, we concentrate on the inverse is- 
sue of computing neighborhoods by a covering, namely giving an arbitrary covering, 
whether or not there exists another covering such that the neighborhoods induced by 
it is just the former covering. By means of a property of neighborhoods obtained by 
Liu et al. [10] and us independently, we present a necessary and sufficient condition for 
covering to be a neighborhoods induced by another covering. 

The remainder of this paper is organized as follows. In Section |2l we review the 
relevant concepts and point out that the necessary and sufficient condition provided by 
Wang et al. is false. In Section |3] we propose the concepts of repeat degree and core 
block, and then study some properties of them. In Section]?] we present a necessary and 
sufficient condition for neighborhoods induced by a covering to be equal to the covering 
itself. In Section|5] we present a necessary and sufficient condition for covering to be a 
neighborhoods induced by another covering. Section|6]presents conclusions. 

2 Preliminaries 

The concepts of partition and covering are the basis of classical rough sets and 
covering based rough sets, respectively. And covering is the basis of the concept of 
neighborhood as well. So we introduce the two concepts at first. 

Definition 1. (Partition) Let U be a universe of discourse and P a family of subsets of 
U.Iffb'^P, and UP = U, and for any K, L e P, K D L ^ 9, then P is called a 
partition ofU. Every element ofP is called a partition block. 

In the following discussion, unless stated to the contrary, the universe of discourse 
U is considered to be finite and nonempty. 

Definition 2. ( Covering) Let U be a universe and C a family of subsets ofU. If (I) ^ C, 
and UC — U, then C is called a covering ofU. Every element ofC is called a covering 
block. 

It is clear that a partition of U is certainly a covering of U, so the concept of covering 
is an extension of the concept of partition. In the following, we introduce the concepts 
of neighborhood and neighborhoods, two main concepts which will be discussed in this 
paper 

Definition 3. (Neighborhood [8 ]) Let C be a covering of U. For any x ^ U, N{x) = 

r\{K G C\x e K} is called the neighborhood of x. 



A relationship between two different neighborhoods is presented by the following 
proposition. 

Proposition 1. I[T4\I Let C be a covering ofU. For any x,y € U,ify £ N{x), then 
N{y) C N{x). So ify £ N{x) and x e N{y), then N{x) = N{y). 

After the concept of neighborhood has been given, we can introduce the concept of 
neighborhoods. 

Definition 4. [T4^ Let C be a covering ofU. Cov{C) = {N{x)\x G U} is called the 
neighborhoods induced by C. 

There is an important property of neighborhoods presented by the following propo- 
sition. 

Proposition 2. IIMV For any N(x) £ Cov{C), N{x) is not a union of other blocks in 
Cov[C). 

By the definition of Cov{C), we see that Cov{C) is still a covering of universe U . 
In particular, if C is a partition, we have that Cov{C) = C. In paper 1141 . Wang et al. 
said that Cov{C) = C if and only if C was a partition. The following counter-example 
indicates that the necessity of this proposition is false. 

Example]. Let U = {1,2,3}, C = {i^i, i^2, i^s}, where Ki = {!}, K2 = {1,2}, 
K3 = {3}. We have that iV(l) = {1} = Ki, N{2) = {1,2} = K2, N{3) = 
{3} = K3, thus Cou(C) = {N{l),N{2),N{3)} = {Ki,K2,K3} = C. But C = 
{Ki, K2, iiTa} = {{1}, {1, 2}, {3}} is not a partition. 

In the following sections, we firstly propose some new concepts, and then study on 
their properties. By means of them, we present a necessary and sufficient condition for 
neighborhoods induced by a covering to be equal to the covering itself. 

3 Repeat degree and core block 

There is a difference between a partition and a covering of a same universe U . The 
difference is embodied in that for any x £ U, there exists only one partition block which 
include x but there might exist more than one covering block which include x. Then it is 
necessary to concern with how many blocks including x there are in a covering. Inspired 
by this, we propose the following concept. 

Definitions. (Membership repeat degree) Let C be a covering of a universe U. We 
define a function dc : U ^ N^, dcix) = \{K £ C\x £ K}\, and call dc{x) the 
membership repeat degree of x with respect to covering C. When the covering is clear, 
we omit the lowercase C for the function. 

That an element xofU has the membership repeat degree of d{x) means that there 
are d{x) blocks in covering C which include element x. To illustrate the above defini- 
tion, let us see an example. 



Example 2. Let U = {1,2,3}, C = {Ki,K2}, where Ki = {1,2}, A'a = {2,3}. 
Then {K e C\l e K} = {Ki}, {K e C|2 e K} = {ifi, ifa}, {K e C\3 e K} = 
{K2}, thus 3(1) = |{i^i}| = 1, 8(2) = \{Ki,K2}\ = 2, d{3) = \{K2}\ = 1. 

In order to learn more about the neighborhoods, a special kind of covering, it is not 
enough using membership repeat degree of single element. We need research further 
that how many blocks including x and y simultaneously there are in a covering. 

Definition 6. ( Common block repeat degree) Let C be a covering of a universe U. We 
define a function \c : U y. U ^ N,\c{{x,y)) = \{K e C\{x,y} C K}\. We 
write Xc{ix,y)) as Xc{x,y) for short, and for any x,y € U, we call Xc{x,y) the 
common block repeat degree of binary group [x, y) with respect to covering C. When 
the covering is clear, we omit the lowercase C for the function. 

That a binary group {x, y) of universe U has the common block repeat degree of 
A(a;, y) with respect to covering C means that there are A(a:, y) blocks in covering C 
which include element x and y simultaneously. To illustrate the above definition, let us 
see an example. 

Examples. Let U = {1,2,3,4}, C = {ifi, iiTz, Jfa}, where Ki = {1,2}, K2 = 
{2, 3, 4}, = {3, 4}. Then A(l, 2) = A(2, 3) = A(2, 4) = 1, A(l, 3) = A(l, 4) = 0, 
A(3,4) = 2. 

The common block repeat degree \{x, y) has some properties as follows. 

Propositions. (l)X{x,y) = X{y,x); (2) X{x,y) < min{d{x),d{y)). 

Proof. It follows easily from Definition |5] and Definition |6] 

It can be expressed by repeat degree that the set of the covering blocks including a; 
is equal to the set of the covering blocks including x and y simultaneously. 

Proposition 4. Let C be a covering of a universe U. For any x,y G U, {K G C\x G 

K} = {K G C\{x, y} C X} ^ dix) = X{x, y). 

Proof. (=>): It is straightforward. 

{<=): It is clear that [K G C|{j;, y} C K} C {K G C|a; G K}. If {K G C|{a;, y} C 
K} ^ {K G C\x G K}, therefore {K G C\{x,y} C K} is the proper subset of 
{K G C\x G K}. Taking into account the finiteness of set {K G C\x G K}, we have 
that \{K G C\{x,y} C K}\ < \{K G C\x G K}\, thus X{x,y) < d{x). This is a 
contradiction to that d{x) — X{x, y). 
This completes the proof. 

Based on the concepts of membership repeat degree and common block repeat de- 
gree, we propose the concept of core block. Core block is a special kind of covering 
block and is closely related to the issue that under what condition neighborhoods in- 
duced by a covering are equal to the covering itself. 

Definition 7. (Core block) Let C be a covering of a universe U. For any x G U and 

any K € C, K is called the core block of x if and only if x G K and for any y K, 
X{x, y) = d{x). The core block ofx is denoted as r{x). 



For any element of U, say x, if it has a core block, are there some other different 
covering blocks which are the core blocks of x as well? The following proposition 
answer this issue. 

Proposition 5. Let C be a covering of a universe U. For any x € U, if Ki, K2 G C 
are both the core block of x, then Ki = K2. 

Proof. By Definition |7] we have that x G Ki and x G i^2- For any y G Ki, again, 
by Definition I2] we have that d{x) — X{x,y). Then by Proposition ID we have that 
{K G C|a; e K} ^ {K £ C\{x,y} C K}. As x G i^2, thus i^a G {if G C|a; G K}. 
So K2 e {K e C\{x,y} C K}, then {x,y} C K2, thus y G K2. Hence Ki C K2. 
Similarly, K2 G Ki. Therefore Ki = K2. 
This completes the proof. 

This proposition indicates that the core block of any element of U is unique. It is 
possible that an element of a universe U have no core block in a covering C of the 
universe U . To illustrate this, let us see an example. 

Example 4. Let U = {1,2,3,4}, C = {i^i, i^a, where Ki = {1,2}, K2 = 
{1,2, 3}, = {3, 4}. By the definition of core block, we see that Ki is the core block 
of 1 as well as 2, namely Ki = r{\) — r{2), and A'3 is the core block of 4, namely 
K3 = r{A), but 3 have no core block. 

By this example, we can also see that a block of a covering might be the core block 
of some different elements of the universe simultaneously. The following proposition 
give a necessary and sufficient condition for a covering block to be a core block. 

Proposition 6. Let C be a covering of a universe U. For any x d U, K E C is the 
core block of x if and only if K is the intersection of all the blocks of C that include x. 

Proof Let M = {L e C\x e Lj.By K e C and Proposition g] we have that 

K = nM 

^ (nM CK)A{KC DM) 

<^ (nM CK Axe K) A{K c nM) 

<^ (nM C K A X e K) A {x e K A K c r\M) 

^ (nM C K Ax e K) A{{x e K) A \/yiiy e K) ^ {y e nM))) 

<^ (nM <Z K Ax e K) Aiix e K) A \fy{{y e K) ^ \fL{{L eCAxE L)^{yG 

m) 

(nM C K Ax e K) A{{x e K) A yy{{y e K) ^ yL{{L e C A x e L) ^ 
{{x,y}CL))) 

<^ (nM C K Ax e K) A{{x e K) A yy{{y € K) ^ \iL{{L eCAxe L)^{Lg 
CA{x,y}CL))) 

^ (nM C K Ax e K) A{{x e K) A \/y{{y G X) ^ VL((i GCAa;GL)o(LG 
CA{a:,2/}Ci))) 

<^ (nM C K Ax e K) A{{x e K) A yy{{y e K) ^ {\IL{L e C A x e L) 
ML{L eCA{x,y}(Z L))) 

^ {r\M C K Ax e K) A{{x e K) A Vyiiy e K) ^ {{L G C\x e L} = {L € 
C|{x,2/}GL})) 



(nM C K Ax e K) A{{x E K) A \/y{{y E K) ^ {d{x) A(a;, yjj) 
^ (nM C K Ax E K) A{K ^ r[x)) 
^ {x EK) A{K = r{x)) 

^{K = r{x)). 

This completes the proof. 

By Proposition |6] we obtain the following corollary. 

Corollary 1. Let C be a covering of a universe U. For any x E U, if there exists the 
core block of x, then for any K E C A x E K, that r(x) C K holds. 

By ExamplelH we can also see that K2 is not a core block of any element of U. The 
following proposition shows the characteristic of this kind of block in a covering. 

Proposition 7. Let C be a covering of a universe U and K E C If K is not a core 
block of any element of U , then \K\ > 1 and for any x E K, d{x) > 1. 

Proof. Suppose that \K\ = 1, without loss of generality, suppose that K = {x}. Then 
K is the intersection of all the blocks of C that include x. By Proposition |6] we see that 
K is the core block of element x. This is a contradiction to that K is not a core block 
of any element of U. 

It is clear that for any y E U, d{y) > 1. Suppose that there exists an element of K, 
say X, such that d{x) ~ 1. Then for any w E K, it follows that d{x) = X{x, w) — 1. 
Thus K is the core block of element x. This is a contradiction to that K is not a core 
block of any element of U. 

This completes the proof. 

In a covering of a universe, it is possible that none of the whole blocks is a core 
block. To illustrate this, let us see an example. 

Examples. Let [/ = {1,2,3}, C = {i^i, isTa, i^s}, where i^i = {1,2}, K2 = {2,3}, 
K3 — {1, 3}. Then Ki, K2 and K3 are not core blocks of any element of U. 

There might exist a block in a covering which is not a core block of any element of 
the universe, and even none of the whole blocks is a core block. When every element 
of the universe U has its core block in the covering C, is there a block in covering C 
which is not a core block of any element of the universe [/? To solve this issue, we need 
to introduce the concept of reducible element. Furthermore, based on the concept of 
reducible element and the concept of invariable covering proposed in the following, we 
present a necessary and sufficient condition for neighborhoods induced by a covering 
to be equal to the covering itself. 

4 Condition for neighborhoods induced by a covering to be equal 
to the covering itself 

To solve the issue of under what conditions two coverings generate the same cover- 
ing lower approximation or the same covering upper approximation, Zhu and Wang first 
proposed the the concept of reducible element in 2003. In order to obtain a necessary 
and sufficient condition under which neighborhoods induced by a covering are equal to 
the covering itself, we also need to use this concept. 



Definition 8. (Reducible element A22/ ) Let C be a covering of a universe U and K S 
C. If K is a union of some blocks in C — {K}, we say K is a reducible element of C, 
otherwise K is an irreducible element of C. 

Definition 9. [22] Let C be a covering ofU. If every element of C is an irreducible 
element, we say C is irreducible; otherwise C is reducible. 

The following two proposition reveal the relationship between reducible element 
and core block. 

Proposition 8. Reducible element of a covering is not core block. 

Proof. Let X be a reducible element of covering C of universe U . Then there exists a 
subset of C — {K}, say L, such that K — UL. For any P G L, it is clear that P is a 
subset of K. Furthermore, we say that P is a proper subset of K. Otherwise, we have 
that P = if . By P e L C C - {K}, we have that K e C - {K}. This is impossible. 

Suppose K he a core block of some element of U, say x. Then x E K, thus there 
exists some P ^ L, such that a; e P. By Corollary [T] we have that K C P. This is a 
contradiction to that P is a proper subset of K. 

This completes the proof. 

The converse of this proposition is not true. From Example|5] we can see that Ki, 
K2 and K3 are not core blocks of any element of U, but neither of them is reducible 
element. However, we have the following proposition which is related to this converse 
proposition. 

Proposition 9. Let C be a covering of a universe U. Suppose that far any x Cz U, there 
exists the core block ofx in covering C and that there exists if G C which is not a core 
block of any element ofU, then K is a reducible element of C. 

Proof. By Proposition |2l we have that \K\ > 1. Let K = {xi,X2, ■ ■ ■ ,Xs}, where 
s > 2. By hypothesis, we see that for any 1 < i < s, r{xi) £ C and r{xi) ^ K. By 
Corollary[Tl we have that r{xi) C K, then Uf^^Pix^) C K. By Xi e Pix^), we have 
that K C UUj^P{xi). Thus K = Uf^iP(xi). 
This prove that K is a reducible element of C. 

The following example indicates that there exists the case described in Proposi- 
tionlH 

Example 6. Let U = {1, 2, 3}, C = {Ki,K2, K3,K^}, where Ki = {1}, K2 = {2}, 
K3 = {3}, K4 — {1,2}. Then elements 1, 2 and 3 have their core blocks in covering 
C, respectively. But K4 is not a core block of any element of U. And K4 = Ki U K2 
is a reducible element of C. 

When all of the blocks of a covering C are core blocks, is there an element of the 
universe U which has no core block in C? The following example indicates that there 
exists this kind of case. 



Example?. Let U = {1,2,3}, C = {i^i, J-iTa}, where Ki = {1,2}, A'a = {2,3}. 
Then Ki is the core block of 1, K2 is the core block of 3. But element 2 has no core 
block in C. 

Based on the above conclusions, we propose the following concept. 

Definition 10. (Invariable covering) Let C be a covering of a universe U. C is called 
an invariable covering if and only if C is irreducible and for any x ^ U, there exists 
the core block of x. 

Invariable covering has the following property. 

Proposition 10. Let U be a universe. C is an invariable covering of U if and only if 
for any x £ [/, there exists the core block of x and for any K £ C, K is the core block 
of some elements of U. 

Proof. By the definition of invariable covering, we only need to prove that C is 

ureducible. We use an indirect proof. Suppose C be reducible. Then there exists at least 
one reducible element, say K, in covering C. By Proposition |8] we see that K is not a 
core block of any element of U. This is a contradiction to the hypothesis. 

(^): Let C be an invariable covering of U. Then for any x E U, there exists the 
core block of x. We only need to prove that for any K E C, K is a core block of some 
elements of U. We use an indirect proof. Suppose that there exists some block of C, 
say K, which is not a core block of any element of U. By Proposition |9] we see that K 
is a reducible element of C. This is a contradiction to that C is irreducible. 

This completes the proof. 

Proposition[TO]can be considered as another definition of invariable covering. Now, 
we present one of the main results in this paper. From this theorem, we will see that 
invariable covering is the only kind of covering which is equal to the neighborhoods 
induced by it. 

Tlieorem 1. Cov{C) = C if and only ifC is an invariable covering. 

Proof. (<S=): Let C be an invariable covering of U. For any L e C, by Proposition [Tol 
there exists some element of U, say x, such that L = r{x). By Proposition |6] we 
have that r{x) = C\{K G C|a; £ A'} = N(x) e Cov{C). Then L e Cov(C). 
Thus C C Cou(C). Conversely, for any M G Cow(C), we see that there exists some 
element of U, say y, such that M — N{y) = n{K £ C|y G K}. Since there exists the 
core block of y in C, by Proposition |6] we have that r{y) = r\{K G C|y G K}. Then 
M = r{y) G C. Thus Cov{C) C C. Hence Cov{C) = C. 

(^): Let Cov{C) = C. Then C C Cov{C) and Cov{C) C C. On the one hand, 
for any L G C, that L G Cov{C) holds. So there exists some element of U, say x, such 
that L = N{x) = r\{K G C|a; G K}. By Proposition|6] we have that L = r{x). This 
indicates that all the blocks of C are core blocks. On the other hand, for any y E U, that 
N{y) G Cov{C) holds. Thus N{y) G C. By Proposition|6]and N{y) = n{K G C\y G 
K}, we have that N{y) = r{y). Then r{y) G C. This indicates that every element of 
U has its core block. By Proposition[TOl C is an invariable covering. 

This completes the proof. 



5 Condition for covering to be a neighborhoods 

Giving any covering C of a universe U, it is easy to calculate the neighborhoods 
out. But conversely, giving any covering D of the universe U, it is not clear whether 
or not there exists a covering of the universe U, say C, such that D = Cov{C). Cer- 
tainly, by the concept of Cov{C) and some its properties, we know that if the amount 
of the blocks of covering D is more than the amount of the elements of universe U, or 
there exists some block of D which is a union of some other blocks of D, namely, D is 
reducible, D must not be neighborhoods of any covering of universe U. But if a cover- 
ing D does not belong to the cases as above mentioned, is it certainly a neighborhoods 
of some covering of universe UT To solve this issue, we firstly prove the following 
proposition about Cov{C). 

Theorem 2. For any covering C of universe U, it holds that Cov{Cov{C)) = Cov(C). 

Proof. We provide two proofs for this proposition. 

The method one. By Theorem[T] we only need to prove that Cou(C) is an invariable 
covering. By Proposition |2] we see that C is irreducible. For any x € U,it is clear that 

X £ Nix). And \/N{w){N{w) £ Cov{C) Axe N{w) N{x) C N{w)). This 
means that N{x) is the intersection of all the blocks of Cov{C) that include x. By 
Proposition|6] we know that N{x) is the core block of x. Thus Cov{C) is an invariable 
covering. Hence Cov{Cov{C)) = Cov{C). 

The method two. Let Cow (C) = {N{xi), N{x2), ■ ■ ■ , N{x„,)} andCov{Cov{C)) 
= {N'{xi), N'{x2), • • • , N'{xm)}. For any I < i,j < m, it is clear that Xi £ N{xi). 
And if x^ e N{xj), we have that N{x^) C N{xj). Thus N'{xi) = r\{N{xj) G 
Cov{C)\x e N{xj)} = N{xi). Hence Cov{Cov{C)) = Cov{C). 

This completes the proof. 

This proposition is found and proved by ourselves independently. Afterward, we 
found that it is had been proved by Liu et al. 1 10| . By this proposition, we have the 
following theorem. 

Theorem 3. A covering D of universe U is a neighborhoods of some covering ofU if 
and only if Cov(D) = D. 

Proof. (<^): If Cov(D) = D, then D is the neighborhoods of covering D. 

Suppose D be a neighborhoods of some covering of U, say C, i.e. Cov{C) = 
D. By TheoremEl we have that Cov(D) = Cov{Cov{C)) = Cov{C) = D. 
This completes the proof. 

Of course, different coverings of universe U can induce the same neighborhoods. 

6 Conclusions 

Neighborhood is an important concept in covering based rough sets. Through some 
concepts based on neighborhood and neighborhoods such as consistent function, we 
may find new connections between covering based rough sets and information systems. 



So it is necessary to study the properties of neighborhood and neighborhoods them- 
selves. In this paper, we mainly studied on two issues induced by neighborhood and 
neighborhoods. The one is that under what condition neighborhoods induced by a cov- 
ering is equal to the covering itself. The other one is that given an arbitrary covering, 
whether or not there exists another covering such that the neighborhoods induced by 
it is just the former covering. Through the study on the two fundamental issues, we 
have gained a deeper understanding of the relationship between neighborhoods and 
the covering which induce the neighborhoods. There are still many issues induced by 
neighborhood and neighborhoods to solve. We will continually focus on them in our 
following research. 
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